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A NEW CONSTRUCTION OF EISENSTEIN’S COMPLETION OF THE 

WEIERSTRASS ZETA FUNCTION 

LARRY ROLEN 


One of the first basic facts in the theory of elliptic fnnctions states that any elliptic 
fnnction must have at least two poles in a fundamental parallelogram. However, if we 
relax the notion of elliptic function to include doubly-periodic, non-holomorphic functions, 
then simple functions exist with only a single pole. This was hrst noticed by Eisenstein, 
who began with the important Weierstrass zeta-function, dehned for any lattice A by 



Note that (a is not an elliptic function, but that it nearly is, thanks to the fact that 
Ca(^) = ~pA{^)y where pA is the usual Weierstrass p function. Eisenstein observed (see 
|8]) that this function could be modihed to become lattice-invariant at the expense of 
holomorphicity, and to this end defined 

(0-2) Ca(^) := Ca(^) - S{A)z- 

where ^(A) := lims^.o+ X]«)eA\{o} w'^\w\‘^‘> ’ where Vol(A) denotes the volume of C/A. 
Throughout this paper, we will suppose that A is written in the form A = A,- := Z -|- Zr 
for some r G H, and we may then state Eisenstein’s result as follows. 

Theorem 0.1. For any r G H, w G A,-, z ^ C, we have 

UAz + w) = Ca.(^). 

This theorem has begun to play an important role in the theory of harmonic Maass 
forms, and was crucial to the main results of BB- In particular, this simple completion 
of C,Ar provides a powerful tool to construct harmonic Maass forms of weight zero which 
serve as canonical lifts under the differential operator ,^o of weight 2 cusp forms, and 
this has been shown in [1] to have deep applications to determining vanishing criteria for 
central values and derivatives of twisted Hasse-Weil L-functions for elliptic curves. 

Given the importance of this result, it seems worthwhile to present a new, direct proof of 
Theorem 10.11 Here we provide a motivated proof using the standard theory of differential 
operators for Jacobi forms. The author would like to point out that as noted by Martin 
Raum, the consideration of the logarithmic derivative of the Jacobi theta function which 
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appears in the proof of Theorem 10. II here has previously appeared in the context of Jacobi 
forms in work of Oberdieck [6]. We note in passing that extensions of the ideas in the 
proof below can easily be used to construct many new non-holomorphic modular forms 
corresponding to classical weight 2 cusp forms with well-prescribed analyticity properties. 
In particular, as Nikolaos Diamantis has pointed out to the author, one may use the 
methods here to construct non-holomorphic modular lifts under the ^ operator of a special 
family of higher order modular forms. 


Proof of Theorem Id. Jl We begin by recalling another classical function of Weierstrass as¬ 
sociated to A,-, dehned for ^ G C by 

v2 


aA^{z) := a{z) = JJ 

uieAT\{o} 


1 - 


w 


exp 


z ^ z 
w 2w‘^ 


It is a classical fact, which follows directly from the product dehnition of a, that the 
logarithmic derivative is given by 




= Ca.W, 


where the ' denotes differentiation in z. Now, we recall the classical identity (see, e.g.. 
Theorem 3.9 of my- 

-,2' 


'd(^;r) = -27r77'^(r)exp - 




(^Ar{z), 


where 


i3{z;t) : = 


^7rm^r+27rm^5:+^) 




is the Jacobi theta function, 

is Dedekind’s eta function, and t]i is the quasi-period dehned by 

Vi{r) ■= Vi = Ca^z + 1) - Ca,(^) 

(note that this is well-dehned independent of the choice of 2 ; as CAr(^) ~ ~PA^{,z) is 
elliptic). The interested reader is also invited to prove the preceding equality; here we 
simply offer the hint that one should compare the transformations of both sides under 
shifting ^ by lattice points (which is enough to verify that this identity holds up to a 
constant in r, which will not show up in our logarithmic derivative anyway). Hence, we 
hnd that 

'd'(z; r) 


^?(z;r) 


= CA,(^;r) -r]iz. 


Now, it is well-known that 'd(z; r) is a Jacobi form of index ^ (see [3] for a general 
exposition of these objects). The logarithmic derivative of a Jacobi form is no longer 
a Jacobi form, but it nearly is. Analogous to the standard raising operator dehned on 
modular forms, there is a canonical raising operator on Jacobi forms, which maps the 
Jacobi theta function to the function 
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which is then a Jacobi form of weight | and index J (see i)- Hence, replacing the 
logarithmic derivative with a “logarithmic-raising” operator, we find that 




- Viz + 27ri 


Im(2;) 

Im(r) 


is a Jacobi form of index zero, i.e., it transforms as an elliptic function in 2 ;. We claim that 
this last expression is equal to Eisenstein’s completion fl0.2p . To make this connection, we 
use the following classical relation (see Chapter 4 of [5]): 


E.ir) = % 

where E 2 is the normalized weight 2 Eisenstein series. Expressed differently, we have 
hi = G 2 {t), where G 2 = 2({2)E2. Denoting by G 2 the non-holomorphic completion 


2C(2) E 2 - 


7rlm(r) 


= G2(t) - 


TT 


Im(r) ’ 


we have shown that 


Ca,(^) -zG*2{t) -71 


Im(r) 


is an elliptic function. The proof is completed by noting that = G^ir) (cf. §2.3 of 
i) and that Vol(A.r) = iLn(r), which implies that 


Cat 


Ca,(^) -zG*2{t) 


z 

71 -. 

Im(r) 


□ 
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